Off-diagonal decay of Bergman kernels: On a conjecture of Zelditch by Christ, Michael
ar
X
iv
:1
30
8.
56
44
v1
  [
ma
th.
CV
]  
26
 A
ug
 20
13
OFF-DIAGONAL DECAY OF BERGMAN KERNELS:
ON A CONJECTURE OF ZELDITCH
MICHAEL CHRIST
1. Introduction
This paper is a preliminary study of an inverse problem concerning asymptotic be-
havior of Bergman kernels. LetX be a compact complex manifold, without boundary.
Let X be equipped with a C∞ Hermitian metric g, along with the metrics on the
bundles B(p,q)(X) of forms of bidegree (p, q) induced by g, and the volume form on
X associated to the induced Riemannian metric. Denote by ρ(z, z′) the Riemannian
distance from z ∈ X to z′ ∈ X .
Let L be a positive holomorphic line bundle over X . Let L be equipped with a
C∞ Hermitian metric φ whose curvature form is positive at every point.
For each positive integer λ, let the line bundle Lλ be the tensor product of λ copies
of L. Lλ inherits from φ a Hermitian metric so that for any v ∈ Lz, its λ–fold tensor
product satisfies |v ⊗ v ⊗ · · · ⊗ v| = |v|λ.
Let L2(X,Lλ) be the Hilbert space of equivalence classes of all square integrable
Lebesgue measurable sections of Lλ. LetH2(X,Lλ) be the closed subspace of L2(X,Lλ)
consisting of all holomorphic sections. The Bergman projection operator Bλ is by
definition the orthogonal projection from L2(X,Lλ) onto H2(X,Lλ). The Bergman
kernel Bλ(z, z
′) is the associated distribution-kernel; Bλ(z, z′) is a complex linear
endomorphism from the fiber Lλz′ to the fiber L
λ
z .
The asymptotic behavior of the Bergman kernels as λ→∞, on and within distance
O(λ−1/2) of the diagonal, has been intensively studied. This paper is concerned
instead with the large λ behavior at a positive distance from the diagonal. It is well
known that Bλ tends rapidly to zero as λ → ∞, away from the diagonal. For real
analytic g, φ there is decay at an exponential rate: provided that ρ(z, z′) ≥ δ > 0,
(1.1) Bλ(z, z
′) = O(e−cλ)
for some c = c(δ) > 0. For C∞ metrics g, φ,
(1.2) Bλ(z, z
′) = O(e−A
√
λ log λ)
for all A < ∞ [3]. This rate of decay is optimal [2]; if h(λ) → ∞ as λ → ∞ then
there exist X,L, φ, g with φ, g ∈ C∞ and points z 6= z′ such that
(1.3) lim sup
λ→∞
sup
ρ(z,z′)≥δ
eh(λ)
√
λ log λ |Bλ(z, z
′)| =∞.
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Zelditch [5] has advanced a bold conjecture in the inverse direction, proposing
that exponential decay (1.1) holds only when φ is real analytic, and moreover that
exponential decay for even an arbitrarily sparse sequence of values of λ tending to
infinity implies analyticity. This note provides evidence in support of the conjecture,
by establishing it within the same framework in which the examples of subexpo-
nential decay (1.3) were constructed [2], generalized to arbitrary dimensions. This
framework, in which partial symmetry makes possible a separation of variables which
simplifies analytic issues, has been a very fruitful source of counterexamples and illus-
trative examples in the theory of the Bergman projections and the Cauchy-Riemann
equations, and more generally in the theory of partial differential operators, including
those with multiple characteristics. Therefore we consider the validity of the conjec-
ture within this limited framework to be compelling evidence in its favor. Moreover,
although some elements of the analysis given here do not extend in a straightforward
way to the general case, it is hoped that its overall structure and some of its elements
will be useful guides.
2. The framework
Consider Cd, with coordinates z = (z1, · · · , zd). Write zj = xj + iyj and x =
(x1, · · · , xd), y = (y1, · · · , yd) ∈ R
d. Write z = x+ iy ∈ Rd + iRd.
Let X be the noncompact complex manifold X = Cd, and let L be the trivial
line bundle L = Cd × C1. B(0,1) denotes the bundle of forms of bidegree (0, 1)
over Cd. X is equipped with its usual flat metric as a complex Euclidean space.
Thus integration will be performed with respect to Lebesgue measure, and B(0,1) is
equipped with the usual metric under which |ω¯J | = 1 where ω¯J = ω¯j1 ∧ · · · ∧ ω¯jq ,
whenever j1 < j2 < · · · < jq.
The metric φ on L is represented by a C∞ real-valued function φ(z). The norm of an
element (z, t) ∈ Cd×C = L is e−φ(z)|t|; the norm of an element (z, t) ∈ Cd×C↔ Lλ
is e−λφ(z)|t|; L2(X,Lλ) is the Hilbert space of all Lebesgue measurable functions
f : Cd → C that satisfy
‖f‖2L2(X,Lλ) =
∫
Cd
|f(z)|2e−2λφ(z) dm(z) <∞.
The essential feature of the framework under discussion here is that φ(x + iy) is
a function of x alone. We therefore write φ ≡ φ(x). We assume that the curvature
form of φ is strictly positive, and uniformly bounded above and below. Thus there
exists C ∈ (0,∞) such that for all z ∈ Cd and all v ∈ Cd,
(2.1) C−1|v|2 ≤
d∑
j,k=1
∂2φ
∂zj∂z¯k
(z) vj v¯k ≤ C|v|
2
Because of our symmetry assumption, this simplifies to
(2.2) C−1|v|2 ≤
d∑
j,k=1
∂2φ
∂xj∂xk
(x) vj vk ≤ C|v|
2 for all x ∈ Rd and v ∈ Rd.
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Under this positivity assumption, the space H2(X,Lλ) of all entire holomorphic
functions satisfying
∫∫
Cd
|f(x + iy)|2e−2λφ(x) dx dy < ∞ is a closed subspace of the
space L2(X,Lλ) of all equivalence classes of Lebesgue measurable functions for which
the same integral is finite. The Bergman kernel Bλ represents the orthogonal projec-
tion of L2(X,Lλ) onto H2(X,Lλ). Bλ(z, z
′) is a C∞ function off of the diagonal for
all λ > 0. These objects are well-defined for all λ ∈ (0,∞); one need not restrict to
integer values.
Theorem 2.1. Let X,L, φ be as described. Let U ⊂ Cd be an open set, and suppose
that for each δ > 0 there exist a sequence λν tending to ∞ and c > 0 such that for
all (z, z′) ∈ U × U satisfying |z − z′| ≥ δ and for all sufficiently large ν,
(2.3) |Bλν(z, z
′)| ≤ e−cλν .
Then φ ∈ Cω(U).
To put it another way, the function x 7→ φ(x) is real analytic on the projection of
U onto Rd.
3. Outline
The proof is by contradiction. Two constructions mediate between the Bergman
projections and the metric φ. Firstly, for each λ we consider certain holomorphic
sections of the associated line bundle which depend holomorphically on an external
parameter ξ ∈ Cd. Secondly, for each λ this family of sections gives rise in turn to a
scalar-valued holomorphic function ξ 7→ Fλ(ξ).
Complex zeroes of Fλ having suitably small imaginary parts were the key to the
construction in [2] of metrics φ for which the Bergman kernels decay slowly as λ→∞.
Here we show that conversely, exponential decay not only precludes such zeros, but
also precludes exponentially small values of Fλ. This lack of small values is equivalent
to an upper bound on
∣∣λ−1 log |Fλ| ∣∣ which is uniform in λ.
A normal families argument gives a sequence λν → ∞ for which these functions
converge; the limiting function is real analytic in a complex disk. The restriction of
this limiting function to the real domain is calculated directly as the composition of
the Legendre transform of φ with (∇φ)−1. The final step is to show that analyticity
of this composed transform implies analyticity of φ.
The construction of [2] was executed only in the lowest-dimensional case d = 1,
but here we investigate matters in arbitrary dimensions. Two new issues arise in
higher dimensions. Firstly, while the formula defining Fλ extends straightforwardly,
its interpretation is not immediately clear. Secondly, in order to obtain auxiliary
functions with suitable growth properties needed to conclude that Fλ cannot take on
any exponentially small values, we are led to solve the divergence equation div(u) = f
in Rd, in Hilbert spaces with weighted L2 norm bounds. A seemingly essential issue is
that the analysis requires bounds with respect to weights e−Φ where Φ is subconvex,
which is the real analogue of plurisuperharmonicity, rather than of the standard
plurisubharmonicity of ∂¯ theory. This is quite different from the usual situation;
indeed the equation cannot be solved with satisfactory bounds for arbitrary (closed)
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data. The necessary condition for solvability of div(u) = f with the specific f that
arises in our analysis, turns out to be the (exponentially near) vanishing of Fλ — so
that the vanishing of Fλ gains an interpretation as the key to resolving the second
main obstacle.
That this necessary condition is sufficient for solvability with suitable bounds for
subconvex weights, cannot be established by the standard integration-by-parts anal-
ysis. We expend some effort to establish solvability with the desired bounds. The
solution is used to construct holomorphic sections which, if the Bergman kernels
decay exponentially, are very nearly in the range of the adjoint operator ∂¯∗ and
consequently are nearly orthogonal to themselves. This is the desired contradiction.
4. Notations and framework
Variables in Cd will often be denoted by z = x+ iy where x, y ∈ Rd. For z, w ∈ Cd
we will write
(4.1) z · w =
d∑
j=1
zjwj,
with no complex conjugation.
Lebesgue measure on either Cd or Rd will be denoted bym. L2(Cd, w) is the Hilbert
space of all equivalence classes of Lebesgue measurable scalar-valued functions with
norm squared
∫
Cd
|f(z)|2w(z) dm(z). The same notation L2(Cd, w) is also used to
denote the Hilbert space of all equivalence classes of Lebesgue measurable (0, 1) forms
with norm squared
∫
Cd
|f(z)|2w(z) dm(z), where |
∑d
j=1 fj(z)z¯j |
2 =
∑d
j=1 |fj(z)|
2.
The Bergman projections Bλ associated to the weights e
−2λφ are the orthogonal
projections from L2(Cd, e−2λφ) to its closed subspace of entire holomorphic functions.
The following hypotheses concerning φ : Cd → R will be in force throughout the
paper.
φ ∈ C∞.(4.2)
φ(x+ iy) depends on x alone.(4.3)
φ is strictly convex.(4.4) (
∂2φ
∂xi∂xj
)d
i,j=1
is comparable to the identity matrix,(4.5)
uniformly as a function of x ∈ Rd. We will abuse notation by using the symbol φ
to denote two functions, one with domain Cd and one with domain Rd, related by
φ(x+ iy) = φ(x). It will be clear from the context which of the two is intended.
The Cauchy-Riemann operator ∂¯, mapping scalar-valued functions to (0, 1)–forms,
is defined by
(4.6) ∂¯f =
d∑
k=1
∂f
∂z¯k
dz¯k.
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where
(4.7)
∂
∂z¯k
=
∂
∂xk
+ i
∂
∂yk
.
We also write
(4.8) ∂zk =
∂
∂zk
=
∂
∂xk
− i
∂
∂yk
.
For w = e−λφ, the formal adjoint ∂¯∗2λφ of ∂¯ is
(4.9) ∂¯∗2λφ(
∑
j
fj z¯j) = −
∑
j
(
e2λφ∂zje
−2λφ)fj = −∑
j
(
∂zj − 2λ∂xjφ
)
fj
since φ depends only on x.
For ξ ∈ Cd we will primarily with C–valued functions, and (0, 1) forms, of the
special form z = x+ iy 7→ eiλξ·yf(x). Such a scalar-valued function is holomorphic if
and only if
(4.10) 0 = ∂¯(eiλξ·yf(x)) = eiλξ·y
d∑
j=1
(∂xj − λξj)f dz¯j.
Forms and functions not of this special form will appear near the end of the analysis.
The operator ∂¯∗2λφ can be applied to e
iλξ·yf(x) even though such a function rarely lies
in L2(Cd, e−2λφ), by using the expression (4.9).
The question around which our analysis revolves is for which pairs (ξ, λ) the func-
tion eλξ·z is close to the range of ∂¯∗2λφ, in a suitable sense. Formulation of this closeness
must take into account the infinite L2(Cd, e−2λφ) norm of the function eλz·ξ.
Denote by div the divergence operator, which maps 1–forms with domain Rd to
scalar-valued functions with the same domain:
(4.11) div(
∑
j
uj dxj) =
∑
j
∂uj
∂xj
=
∑
j
(∂xjuj) dxj.
Now
(4.12) ∂¯∗2λφ
(
eiλξ·yu(x)
)
= eiλξ·yf(x) if and only if −
∑
j
(∂xj +λξj−2λ∂xjφ)uj = f,
that is, if and only if
(4.13) − div(eλξ·x−2λφ(x)u) = eλξ·x−2λφ(x)f = e2λ(ξ·x−φ(x)).
We are interested in the possible existence of pairs (ξ, λ) for which equation (4.12)
with right-hand side f(x) = eλξ·x admits an exact or near solution u which enjoys
suitable upper bounds.
The range of the divergence operator consists, formally, of all functions satisfying∫
Rd
g(x) dm(x) = 0. Therefore the discussion turns on the approximate vanishing of∫
Rd
e2λ(ξ·x−φ(x)) dm(x).
This integral has an alternative interpretation as the analytic continuation to the
complex domain, with respect to ξ, of the function Rd ∋ ξ 7→ ‖eλx·ξ‖2L2(Rd,e−2λφ).
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5. Preparations
5.1. Solvability of the divergence equation with L2 bounds. Define
(5.1) Φ(x) = Φξ,λ(x) = λ(Re ξ · x− φ(x)).
Φ depends only on the real part of ξ, and is real-valued. The Hessian matrix of Φ is
comparable to −λ times the identity matrix, uniformly in λ, ξ, x. Consequently there
exist a unique point x† ∈ Rd, depending on ξ, λ, satisfying
(5.2) Φ(x†) = max
x∈Rd
Φ(x),
and constants c1, c2, C ∈ R
+ such that
(5.3) C−1e−c1λ|x−x
†|2 ≤ e2Φ(x) ≤ Ce−c2λ|x−x
†|2
uniformly for all ξ, λ, x.
Let a > 0 be an exponent, depending only on the dimension d, which is to be chosen
below. All that will matter concerning a is that it if a is chosen to be sufficiently
large then certain properties hold.
Define the auxiliary weight
(5.4) γ(x) = a ln(1 + |x− x†|2).
In particular, we require that a > d/2, which ensures that∫
Rd
e−γ(x) dm =
∫
Rd
(1 + |x− x†|2)−a dm(x) <∞.
Therefore the function e2λ(ξ·x−φ(x)) satisfies
(5.5)
∫
Rd
|e2λ(ξ·x−φ(x))|2e−4Φ(x)−γ(x) dm(x) =
∫
Rd
e−γ(x) dm(x) <∞,
and this quantity is independent of ξ, λ even though γ depends through x† on the
real part of ξ.
We will solve the equation
(5.6) − div(u) = e2λ(ξ·x−φ(x))
with u in the space of one-forms satisfying
∫
Rd
|u(x)|2e−4Φ(x)−2γ(x) dm(x) < ∞. This
is the reverse of the usual situation; the weight Φ is concave rather than convex, so
the standard weighted theory [4], adapted from the complex case to the real case,
does not apply.
Let H1 be the Hilbert space of all equivalence classes of Lebesgue measurable
complex–valued (0, 1) forms defined on Rd, with norm
(5.7) ‖u‖2H1 =
∫
Rd
|u(x)|2e−4Φ(x)−2γ(x) dm(x).
Let H2 be the Hilbert space of all equivalence classes of Lebesgue measurable func-
tions f : Rd → C, with norm
(5.8) ‖f‖2H2 =
∫
Rd
|f(x)|2e−4Φ(x)−γ(x) dm(x).
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If a is sufficiently large then f(x) = e2λ(x·ξ−φ(x)) satisfies
‖eλx·ξ‖2H2 =
∫
Rd
e4λ(x·Re ξ−φ(x))e−4λ(x·Re ξ−φ(x))e−γ(x) dm(x) =
∫
Rd
e−γ(x) dm(x) <∞;
this norm is independent of ξ, λ. In particular, e2λ(x·ξ−φ(x)) ∈ H2.
Regard div as an unbounded linear operator from H1 to H2, whose domain is the
closure of the space of continuously differentiable compactly supported one-forms
with respect to the graph norm. The formal adjoint div∗ of div in this Hilbert space
setting is
(5.9) div∗(f) = eγ(x)
d∑
j=1
(−∂xj + 4∂xjΦ + ∂xjγ)f dxj .
H2 ⊂ L
1(Rd) by virtue of the Cauchy-Schwarz inequality and the rapid decay of
e4Φ, and thus
∫
Rd
f dm is well-defined for all f ∈ H2. Define F ⊂ H2 to be the set of
all f ∈ H2 that satisfy
(5.10)
∫
Rd
f(x) = 0.
F is a closed subspace of H2, of codimension one, which contains the image under div
of the set of all compactly supported continuously differentiable forms, and hence by
closedness contains the range of div.
Lemma 5.1. Let d ≥ 1. Let φ satisfy the hypotheses (4.2),(4.3),(4.4),(4.5). There
exist constants a, C <∞ with the following properties. Let λ be sufficiently large, let
ξ ∈ C, and suppose that f ∈ H2 satisfies
∫
Rd
f dm = 0. There exists a 1-form u ∈ H1
satisfying
div(u) = f on Rd,(5.11) ∫
Rd
|u(x)|2e−4Φ(x)−2γ(x) dm(x) ≤ C
∫
Rd
|f(x)|2e−4Φ(x)−γ(x) dm(x).(5.12)
Recall that a is the parameter that appears in the definition (5.4) of γ. It will be
essential for the ensuing argument that a, C may be chosen to be independnet of λ, ξ.
Only the real part of ξ enters into the formulation of Lemma 5.1, so throughout its
proof we will assume that ξ ∈ Rd. The main step in that proof will be the following
lemma, whose justification is deferred until §8.
Lemma 5.2. Let φ satisfy the hypotheses (4.2),(4.3),(4.4),(4.5). If the exponent a is
chosen to be sufficiently large then there exists C < ∞ such that for all sufficiently
large λ and all ξ ∈ Rd, for any function f in the intersection of F with the domain
of div∗,
(5.13) ‖f‖H2 ≤ C‖ div
∗ f‖H1 .
According to Lemmas 4.1.1 and 4.1.2 of [4], it follows that the range of div, as a
closed unbounded linear operator from H1 to H2, equals F, and moreover that for
any f ∈ F there exists u ∈ H1 satisfying div(u) = f with ‖u‖H1 ≤ C‖f‖H2, with C
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independent of ξ ∈ Rd and λ ∈ R+ provided that λ is sufficiently large. Lemma 5.1
is thus a corollary of Lemma 5.2.
A solution of the divergence equation with additional desirable properties can be
obtained, and will be needed in the application below. Because the divergence equa-
tion is undetermined, one cannot hope that arbitrary solutions will have favorable
properties; it is necessary to select an appropriate solution. Consider the operator
T = div ◦ div∗, which satisfies ‖f‖H1 ≤ C‖Tf‖H1 since for f in the intersection of F
with the domain of T ,
‖Tf‖H2‖f‖H2 ≥ 〈Tf, f〉H2 = ‖ div
∗ f‖2H1 ≥ C‖f‖
2
H2.
T is self-adjoint, and because of this inequality, maps the intersection of F with its
domain onto F.
Lemma 5.3. Let φ satisfy the hypotheses (4.2),(4.3),(4.4),(4.5). Let the parameter
a be sufficiently large. Then for all sufficiently large λ ∈ R+, all ξ ∈ Cd, and any
φ, f satisfying the hypotheses of Lemma 5.1, there exists a solution of div(u) = f
satisfying
(5.14)∫
Rd
(
|u(x)|2 + |∇u(x)|2
)
e−4Φ(x)−3γ(x) dm(x) ≤ CλC
∫
Rd
|f(x)|2e−4Φ(x)−γ(x) dm(x).
Proof. Solve div div∗(h) = f , and set u = div∗(h). This is a second order elliptic
equation for h, whose coefficients areO(λ2+|x|2), together with all of their derivatives.
Cover Rd by a union of suitable balls, so that if x belongs to a ball B in this cover
then the radius of B is comparable to λ−1(1 + |x− x†|)−1. This ensures that
max
B
e−4Φ ≤ Cmin
B
e−4Φ
for a finite constant C independent of λ, ξ, B. Apply standard elliptic regularity
estimates in each ball to obtain upper bounds for the second partial derivatives of h,
and sum the results. The extra factor e−γ(x) on the left-hand side of the inequality,
together with the factor λC on the right-hand side, compensate for the resulting losses
due to growth in the coefficients as λ · (1 + |x|)→∞. 
6. Absence of near-resonances
6.1. Exponential decay implies absence of near-resonances. For ξ ∈ Cd and
λ ∈ R+ define
(6.1) F(ξ, λ) =
∫
Rd
e2λ(ξ·x−φ(x)) dm(x).
The goal of this section is to establish the following lemma, which links the off-
diagonal behavior of Bergman kernels with the function F . In a subsequent step we
will establish a link between F and the metric φ.
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Proposition 6.1. Suppose that there exist sequences λν , Aν ∈ R
+ and ξν ∈ C
d such
that
λν →∞,(6.2)
Aν → +∞,(6.3)
Re(ξν)→ ξ
∗ ∈ Rd,(6.4)
Im(ξν)→ 0(6.5)
|F(ξν, λν)| ≤ e
−Aνλν .(6.6)
Define x∗ ∈ Rd by
(6.7) ∇φ(x∗) = ξ∗.
Then there is no neighborhood of x∗ in Cd in which (Bλν : ν ∈ N) decays exponentially
fast away from the diagonal.
6.2. Beginning of the proof of Proposition 6.1.
Proof. Suppose to the contrary that (λν), (Aν), (ξν) are sequences with the stated
properties. Writing z = x+ iy ∈ Rd + iRd, define
ψν(z) = e
λνz·ξν ,(6.8)
fν(x) = e
2λν(x·ξν−φ(x))(6.9)
where z · ξ =
∑d
j=1 zjξj. Let γν(x) = a ln(1 + |x − xν |
2) in (5.4), where xν is the
unique solution of
(6.10) ∇φ(xν) = Re ξν .
Since Re ξν → ξ
∗ ∈ Rd, xν → x∗.
Set
(6.11) Φν(x) = λν(x · Re ξν − φ(x)).
Set
bν = (
∫
Rd
e2Φν )−1
∫
Rd
fν = (
∫
Rd
e2Φν )−1F(ξν, λν).
Then
∫
Rd
(fν − bνe
2Φν ) dm = 0, and fν − bνe
2Φν ∈ H2, so this function belongs to the
range of the divergence operator. Let uν : R
d → C be the solution of the equation
(6.12) div(uν) = fν − bνe
2Φν
guaranteed by Lemma 5.3. The Lemma gives∫
Rd
(
|uν(x)|
2 + |∇uν(x)|
2
)
e−4Φν(x)−3γν(x) dm(x)
≤ C
∫
Rd
|fν(x)|
2e−4Φν(x)−γν(x) dm(x) + Cλd|
∫
Rd
fν dm|
2
≤ C + Ce−2Aνλνλd
≤ C
where C <∞ is independent of ν.
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Defining
(6.13) vν(z) = e
iλνy·ξνe−λν(x·ξν−2φ(x))uν(z),
these conclusions become, uniformly for y ∈ Rd:
∂¯∗2λνφvν(x+ iy) = ψν(z)− bνe
iλνy·ξνeλνx·(2Re ξν−ξν)(6.14)
∫
Rd
(
|vν(x+ iy)|
2 + |∇vν(x+ iy)|
2
)
e−2λνx·Re ξνe−2γν(x) dm(x) ≤ Ce2λν | Im(ξν)|·|y|.
(6.15)
Let V ⊂ Cd be a ball centered at x∗, independent of ν, to be chosen below. Then
(6.16) ‖ψν‖
2
L2(V,e−2λφ) ≍ λ
−d
ν e
2λν(ξν ·Re ξν−φ(xν))
for all sufficiently large ν, since xν → x
∗ ∈ V . The preceding can be rewritten in the
more illuminating form
(6.17)
∫
Rd
|vν(x+ iy)|
2e−2λν((x−xν)·Re ξν−(φ(x)−φ(xν))−3γν (x)e−2λνφ(x) dm(x)
≤ Ce2λν | Im(ξν)|·|y|e2λν(xν ·Re ξν−φ(xν))
≍ λdνe
2λν | Im(ξν)|·|y|‖ψν‖2L2(V,e−2λνφ).
The left-hand side is the norm squared
∫
Rd
|vν(x + iy)|
2e−2λνφ(x) dm(x), with an ad-
vantageous supplementary weight in the integral of the form
e−2λν((x−xν)·Re ξν−(φ(x)−φ(xν))−3γν (x) ≥ ecλν |x−xν |
2
.
However, this weight is of no help in overcoming the disadvantageous factor λdνe
2λν | Im(ξν)|·|y|
on the right-hand side when x ≈ xν but y 6= 0; overcoming that factor is the cru-
cial issue. Therefore this supplementary factor will be of no further use, so will be
dropped. Accordingly, one has
(6.18)
∫
Rd
(
|vν(x+ iy)|
2 + |∇vν(x+ iy)|
2
)
e−2λνφ(x) dm(x)
≤ Cλdνe
2λν | Im(ξν)|·|y|‖ψν‖
2
L2(V,e−2λνφ).
6.3. Localized solutions Fν. Without loss of generality we may assume by change
of coordinates that xν → x
∗ = 0. Let η ∈ C∞0 (C
d) be a function which is identically
equal to 1 in a neighborhood of 0, and is supported within an open neighborhood of
0 in which the Bergman kernels Bλν decay exponentially fast away from the diagonal
as ν (and hence λν) tends to infinity. Let V be a bounded open set containing the
support of η. Consider the functions Fν : C
d → C defined by
(6.19) Fν = ∂¯
∗
2λνφ(ηvν).
These are supported in V , which is a fixed bounded set independent of ν.
Let W ⋐W ′ and V ′ be bounded open subsets of Cd such that 0 ∈ W , the closure
of W is contained in W ′, η ≡ 1 in a neighborhood of the closure of W ′, the closure of
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V ′ is disjoint from the closure of W ′, and the support of ∇η is contained in V ′. For
all sufficiently large indices ν,
(6.20) ‖Fν − ηψν‖L2(Cd,e−2λνφ) + ‖∇Fν −∇(ηψν)‖L2(Cd,e−2λνφ)
≤ λCν e
Cλν | Im(ξν)|‖ψν‖L2(V,e−2λνφ),
and
(6.21) ‖Fν − ηψν‖L2(W ′,e−2λνφ) + ‖∇Fν −∇(ηψν)‖L2(W ′,e−2λνφ)
≤ λCν e
λν(−cAν+C| Im(ξν)|‖ψν‖L2(V,e−2λνφ).
In particular, since ∂¯ψν = 0,
‖∂¯Fν‖L2(Cd,e−2λνφ) ≤ λ
C
ν e
Cλν | Im(ξν)|‖ψν‖(6.22)
‖∂¯Fν‖L2(W ′,e−2λνφ) ≤ λ
C
ν e
λν(−cAν+C| Im(ξν)|)‖ψν‖.(6.23)
6.4. Solution of a final ∂¯ equation. The hypothesis that the Bergman kernels
decay exponentially away from the diagonal will be applied not to the sequence ψν ,
but to a certain related sequence of functions Gν . These will be constructed by solving
a final ∂¯ equation. These are not of the product form eiλνy·ξνfν(x). To prepare for
their construction, choose a C∞ function φ˜ : Cd → R and a constant ε > 0 with the
following properties:
(1) φ˜ is plurisubharmonic.
(2) φ˜ ≤ φ.
(3) φ˜ ≡ φ in a neighborhood of the support of ∇η.
(4) There exists ε > 0 such that φ˜(z) ≤ φ(z)− ε for all z ∈ Cd \ V ′.
These exist, because φ is strictly plurisubharmonic.
The right-hand side in our ∂¯ equation will be ∂¯Fν . The norm of ∂¯Fν is still under
satisfactory control with respect to the modified weight φ˜:
(6.24) ‖∂¯Fν‖L2(Cd,e−2λνφ˜) ≤ e
Cλν | Im(ξν)|‖ψν‖L2(V,e−2λνφ)
for all sufficiently large ν. Note that the norm on the left-hand side is with respect
to φ˜, while only φ appears on the right-hand side. This relies on (6.22) and (6.23),
together with the crucial assumption1 that Aν →∞ as ν →∞.
Lemma 6.2. Let φ˜ have the properties listed. For each sufficiently large ν there
exists a solution Gν of the equation
(6.25) ∂¯Gν = ∂¯Fν
satisfying
(6.26)
∫
Cd
|Gν |
2e−2λν φ˜e−γ dm ≤ C
∫
Cd
|∂¯Fν |
2e−2λν φ˜ dm.
1 What is actually needed is not that Aν → ∞, but rather that lim supν→∞ Aν is larger than
a certain constant which is determined by φ, the neighborhood in which the Bergman kernels are
assumed to decay exponentially, and their rate of exponential decay.
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Proof. A direct application of the well-known weighted theory for the ∂¯ equation [4]
suffices. 
For each sufficiently large ν, choose a solution Gν of (6.25). Concerning these
functions, two consequences of Lemma 6.2 together with (6.24) will be useful. Firstly,
in the whole space
(6.27)
∫
Cd
|Gν|
2e−2λνφ dm ≤ CλCν e
Cλν | Im(ξν)|‖ψν‖2L2(V,e−2λνφ).
Secondly, in the complement of V ′ there is the improved upper bound
(6.28)
∫
Cd\V ′
|Gν |
2e−2λνφ dm ≤ e−cλνeCλν | Im(ξν)|‖ψν‖
2
L2(V,e−2λνφ).
6.5. Arrival at a contradiction. We now complete the proof of Proposition 6.1,
modulo the deferred proof of Lemma 5.2, by showing how its hypotheses, together
with the assumption that the Bergman kernels Bλν decay exponentially fast away
from the diagonal, lead to a contradiction. Throughout the discussion, it is assumed
that ν is sufficiently large. An upper bound of the form “O(M) in W” indicates a
function whose norm in L2(W, e−2λνφ) is O(M), uniformly in ν.
Recalling that Fν = ∂¯
∗
2λνφ(ηvν) and that ∂¯Gν = ∂¯Fν , the equation
(6.29) Gν = (Gν − ∂¯
∗
2λνφ(ηvν)) + ∂¯
∗
2λνφ(ηvν)
expresses Gν as the sum of an element of the nullspace of ∂¯ plus a function orthogonal
to that nullspace. Therefore
(6.30) (I − Bλν )Gν = ∂¯
∗
2λνφ(ηvν).
Consequently
(6.31) (I − Bλν )Gν = ∂¯
∗
2λνφvν in W
since η ≡ 1 in W .
Since ∂¯∗2λνφvν = ψν − bνe
iλνy·ξνeλνx·(2Re ξν−ξν) and |bν | ≤ e−cAνλν ,
(6.32) (I −Bλν )Gν = ψν +O(e
−cλνAν‖ψν‖L2(V,e−2λνφ)) in W .
Using the strong bound provided by inequality (6.28) in the complement of V ′, and
in particular in W , this can be rewritten as
(6.33) ψν = −BλνGν +O
(
e−cλνe−Cλν | Im(ξν)|‖ψν‖L2(V,e−2λνφ)
)
in W .
Let 1V ′ denote the indicator function of V
′. Because Bλν is a contraction on
L2(Cd, e−2λνφ),
‖BλνGν‖L2(W,e−2λνφ) ≤ ‖Bλν (1V ′Gν)‖L2(W,e−2λνφ) + ‖Bλν (1C\V ′Gν)‖L2(Cd,e−2λνφ)
≤ ‖Bλν (1V ′Gν)‖L2(W,e−2λνφ) + ‖Gν‖L2(Cd\V ′,e−2λνφ)
≤ ‖Bλν (1V ′Gν)‖L2(W,e−2λνφ) + e
−cλνeCλν | Im(ξν)|‖ψν‖L2(V,e−2λνφ).
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The sets W,V ′ were constructed to have disjoint closures, and so that both are
contained in a region in which the Bergman kernels Bλν decay exponentially fast
away from the diagonal. Therefore for all sufficiently large ν,
‖Bλν(1V ′Gν)‖L2(W,e−2λνφ) ≤ e
−cλν‖Gν‖L2(V ′,e−2λνφ)
≤ e−cλνeCλν | Im(ξν)|‖ψν‖L2(V,e−2λνφ).
Inserting these bounds into (6.33) gives
(6.34) ‖ψν‖L2(W,e−2λνφ) ≤ e
−cλνeCλν | Im(ξν)|‖ψν‖L2(V,e−2λνφ)
where c > 0.
We have normalized φ so that φ(0) = 0 and ∇φ(0) = 0, so φ(x) ≍ |x|2. It is thus
apparent from the explicit formula ψν(z) = e
λνz·ξν and the assumption that xν → 0
that the functions ψν peak near 0 in the sense that
(6.35) ‖ψν‖L2(W,e−2λνφ) ≥ e
−Cλν | Im(ξν)|‖ψν‖L2(V,e−2λνφ).
Therefore we have shown that
(6.36) ‖ψν‖L2(V,e−2λνφ) ≤ e
−cλνeCλν | Im(ξν)|‖ψν‖L2(V,e−2λνφ)
where c > 0. Since | Im(ξν)| → 0 as ν →∞, this is a contradiction for all sufficiently
large ν. 
This completes the proof of Proposition 6.1, modulo the deferred proof of Lemma 5.2
concerning solvability of the divergence equation.
7. Conclusion of the proof
The second of the two main steps of the proof is to link properties of F with
analyticity of the metric φ. The strong convexity of φ implies that the mapping
x 7→ ∇φ(x) from Rd to Rd is a bijection. Define the function τ : Rd → Rd to be the
inverse of ∇φ, that is,
(7.1) ∇φ(τ(ξ)) = ξ.
This subsection is devoted to the proof of the following result.
Proposition 7.1. Let (λν : ν ∈ N) be a sequence of positive real numbers tending
to infinity. Suppose that (Bλν : ν ∈ N) decays exponentially fast away from the
diagonal, in some neighborhood of a ∈ Rd. Then the function τ is real analytic in
some neighborhood of ξ = ∇φ(a).
Consequently the inverse function ∇φ, and hence φ itself, are real analytic in a
corresponding neighborhood of a.
By the hypothesis of exponentially fast decay we mean that there exists ̺ > 0 such
that for each δ > 0 there exists c <∞ such that
(7.2) |Bλν (z, z
′)| ≤ e−cλν
for all ordered pairs of elements of Cd satisfying ρ(a, z) < ̺, ρ(a, z′) < ̺, and δ ≤
ρ(z, z′).
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Let a ∈ Rd. By making the change of variables z 7→ z − a and subtracting from
φ a real-valued affine function, we may assume without loss of generality that a = 0
and that φ(0) = ∇φ(0) = 0.
Lemma 7.2. Under the hypotheses of Proposition 7.1 with a = 0 and ∇φ(0) = 0,
there exist an open ball B ⊂ Cd centered at 0, a sequence of indices νk tending to ∞,
and a real analytic function u : B → R such that
(7.3) 1
2
λ−1νk log |F(ξ, λνk)| → u(ξ)
uniformly in B as k →∞.
Let B(̺) denote the open ball in Cd of radius ̺, centered at the origin. The
functions Fν(ξ) = F(ξ, λν) are all holomorphic in some common neighborhood of
ξ = 0, independent of ν. Moreover, straightforward estimation demonstrates that
there exists C <∞ such that
(7.4) |Fν(ξ)| ≤ e
Cλν
for all ξ in that neighborhood and for all ν.
Proof of Lemma 7.2. According to Proposition 6.1, there exists a ball B centered at
0 such that the function ξ 7→ F(ξ, λν) has no zeros in B(̺), and moreover there exists
C <∞ such that
(7.5) λ−1ν log |Fν(ξ)| ≥ −C for all ξ ∈ B.
Combining this with the upper bound (7.4) gives
(7.6)
∣∣λ−1ν log |Fν(ξ)| ∣∣ ≤ C
uniformly for all ξ ∈ B, for all sufficiently large indices ν.
Since Fν is holomorphic and zero-free in B(̺), uν =
1
2
λ−1ν log |Fν | is pluriharmonic
there. Because these functions are uniformly bounded, they form a normal family.
Therefore after replacing B by a concentric ball of strictly smaller radius, there exist
a pluriharmonic function u in B(̺) and a sequence νk → ∞ such that uνk → u
uniformly on all compact subsets of B(̺).
Pluriharmonicity implies real analyticity. 
Lemma 7.3. The function u in the conclusion of Lemma 7.2 is
(7.7) u(ξ) = ξ · τ(ξ)− φ ◦ τ(ξ).
Proof. Consider any ξ ∈ Rd. For large λ, F(ξ, λ) =
∫
Rd
e2λ(ξ·t−φ(t)) dt can be calculated
via the method of real stationary phase: Set τ = τ(ξ). As λ→ +∞,
(7.8)
∫
Rd
e2λ(ξ·t−φ(t)) dt = cde
2λ(ξ·τ−φ(τ))λ−d/2
(
det∇2φ(τ)
)−1/2
+O
(
e2λ(ξ·τ−φ(τ))λ−(d+2)/2
)
.
Thus
(7.9) λd/2ν |F(ξ, λν)| = e
2λν(ξ·τ−φ(τ))(α(ξ) +O(λ−1ν ))
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for a certain strictly positive α(ξ). Taking logarithms of both sides and dividing by
λν gives
(7.10) uν(ξ) = ξ · τ(ξ)− φ ◦ τ(ξ) +O(λ
−1
ν log λν)
as ν →∞, since λ−1ν log λν → 0. Restricting attention to the subsequence νk obtained
above and letting k →∞ gives (7.7). 
Lemma 7.4. The function u defined in (7.7) satisfies
(7.11) ∇u ◦ ∇φ(x) ≡ x.
Proof. Substitute ξ = ∇φ(x) to rewrite the conclusion of the preceding Lemma as-
conclusion of the preceding Lemma as
(7.12) u(∇φ(x)) = x · ∇φ(x)− φ(x).
Apply ∇ = ∇x to both sides to obtain
(7.13) (∇u ◦ ∇φ(x)) ⋆∇2φ(x) = ∇φ(x) + x ⋆∇2φ(x)−∇φ(x) = x ⋆∇2φ(x)
where ⋆ denotes the product of a vector with a matrix. The Hessian ∇2φ(x) is by the
positivity hypothesis an invertible matrix for each x, so the conclusion of the lemma
follows. 
Lemma 7.5. Let τ be the inverse of the mapping Rd ∋ x 7→ ∇φ(x). If the function
u(ξ) = ξτ(ξ) − φ ◦ τ(ξ) is real analytic in a neighborhood of ξ0 then φ ∈ C
ω in a
neighborhood of τ(ξ0).
Proof. By (7.11), x 7→ ∇u(x) is a locally invertible function. This function is real an-
alytic by hypothesis. Therefore its inverse, x 7→ ∇φ, is also real analytic. Analyticity
of φ is an immediate consequence. 
This completes the proof of Proposition 7.1, and with it the proof of the main
theorem, except for the deferred proof of Lemma 5.2.
8. Proof of Lemma 5.2
Let Φ, γ be as defined above. We seek to prove that
(8.1)
∫
Rd
|f(x)|2e−4Φ(x)−γ(x) dm(x) ≤ C
∫
Rd
| div∗ f(x)|2e−4Φ(x)−2γ(x) dm(x),
under the assumptions that f is continuously differentiable, compactly supported,
and satisfies
∫
Rd
f dm = 0. Substituting fe−2Φ(x) = g(x), one has
∫
Rd
e2Φg dm = 0.
Using the expression (5.9) for div∗ gives∫
Rd
| div∗ f(x)|2e−4Φ(x)−2γ(x) dm(x) =
∫
Rd
| div∗ e2Φg|2e−4Φ−2γ dm
=
∫
Rd
|(−∇+ 2∇Φ+∇γ)g|2 dm
=
∫
Rd
|e2Φ+γ∇e−2Φ−γg|2 dm.
Thus Lemma 5.2 is equivalent to
16 MICHAEL CHRIST
Lemma 8.1. There exists C < ∞ such that for all sufficiently large λ ∈ R+ all
ξ ∈ Cd, and all continuously differentiable compactly supported functions g : Cd → C
satisfying
∫
Rd
e2Φg dm = 0,
(8.2)
∫
Rd
|g(x)|2e−γ(x) dm(x) ≤ C
∫
Rd
|e2Φ+γ∇e−2Φ−γg|2 dm.
Define
(8.3)


MΦ = max
x∈Rd
Φ(x)
Φ˜ = Φ− Φ(x†) = Φ−MΦ ≤ 0.
Φ∗ = 2Φ˜ + γ.
Since φ is uniformly strictly convex, the Hessian matrix of Φ is uniformly comparable
to −λ. Therefore for all sufficiently large λ ∈ R+,
(8.4) e4MΦ ≤ Cλd/2
∫
Rd
e4Φ dm ≤ Cλd/2
∫
Rd
e4Φ+γ dm.
Lemma 8.2. There exists C < ∞ such that for any sufficiently large λ ∈ R+, any
ξ ∈ Rd, and any compactly supported continuously differentiable function g : Rd → C
satisfying
∫
Rd
ge2Φ dm = 0, for any x ∈ Rd
(8.5) |g(x)| ≤ Cλd/2
∫
Rd
|u| I(x, u) |Sg(x+ u)| du
where
(8.6) I(x, u) =
∫ ∞
1
eΦ
∗(x+su)sd−1 ds.
Proof. For any x, y ∈ Rd,
(8.7) e−2Φ(x)−γ(x)(x)g(x) = e−2Φ(y)−γ(y)g(y)+
∫ 1
0
(x−y) ·∇(e−2Φ−γg)(y+ t(x−y)) dt
and therefore
(8.8) e4Φ(y)+γ(y)e−2Φ(x)−γ(x)g(x)
= e2Φ(y)g(y) + e4Φ(y)+γ(y)
∫ 1
0
(x− y) · ∇(e−2Φ−γg)(y + t(x− y)) dt
Integrating over Rd with respect to dm(y) and invoking the condition
∫
ge2Φ dm = 0
gives
(8.9) e−2Φ(x)−γ(x)g(x)
∫
Rd
e4Φ+γ dm
=
∫
Rd
e4Φ(y)+γ(y)
∫ 1
0
(x− y) · ∇(e−2Φ−γg)(y + t(x− y)) dt dm(y).
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From (8.4) together with (8.9) we conclude the pointwise bound
(8.10) |g(x)| ≤ Cλd/2
∫
Rd
∫ 1
0
eΘ(x,y,t)|x− y| |Sg(tx+ (1− t)y)| dt dm(y)
where
Θ(x, y, t) = Φ∗(x) + 2Φ∗(y)− Φ∗(tx+ (1− t)y)− γ(y)
≤ Φ∗(x) + 2Φ∗(y)− Φ∗(tx+ (1− t)y)
since γ ≥ 0. Thus (8.10) becomes
(8.11)
|g(x)| ≤ Cλd/2
∫
Rd
∫ 1
0
eΦ
∗(x)+2Φ∗(y)−Φ∗(tx+(1−t)y)|x− y| |Sg(tx+ (1− t)y)| dt dm(y).
Substitute (t, y)↔ (t, u) where tx+(1− t)y = x+u, so that |x− y| = (1− t)−1|u|,
and then substitute s = (1− t)−1 to deduce that
|g(x)| ≤ Cλd/2
∫
Rd
(∫ 1
0
eΦ
∗(x)+2Φ∗(x+(1−t)−1u)−Φ∗(x+u)(1− t)−d−1 dt
)
|u| |Sg(x+ u)| dm(u)
= Cλd/2
∫
Rd
(∫ ∞
1
eΦ
∗(x)+2Φ∗(x+su)−Φ∗(x+u)sd−1 ds
)
|u| |Sg(x+ u)| dm(u).
Φ∗ is a concave function for all sufficiently large λ, and
x+ u = s−1(x+ su) + (1− s−1)x,
so for all s ∈ [1,∞) and x, u ∈ Rd,
Φ∗(x+ u) ≥ s−1Φ∗(x+ su) + (1− s−1)Φ∗(x).
Therefore
Φ∗(x) + 2Φ∗(x+ su)− Φ∗(x+ u) ≤ (1− s−1)Φ∗(x) + (1 + s−1)Φ∗(x+ su)
≤ Φ∗(x+ su)
since Φ∗ ≤ 0. Inserting this bound into the last inequality of the preceding paragraph
completes the proof of Lemma 8.2. 
Lemma 8.3.
(8.12) |u|I(x, u) ≤
{
C(1 + |x− x†|)d−1|u|1−d for all u, x
Ce−c|u|
2
if |u| ≥ 2|x− x†|.
Proof. Recall that Φ∗ = Φ −MΦ + γ is real-valued, nonpositive, and concave, and
vanishes at x†. Φ has a negative definite Hessian which is uniformly comparable to
−λ, while γ is independent of λ and has a Hessian which is bounded above and below.
Therefore
(8.13) Φ∗(x) ≤ −cλ|x− x†|2,
uniformly in x, λ, ξ for all sufficiently large λ.
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Therefore for u 6= 0,
|I(x, u)| ≤
∫ ∞
0
e−cλ|x−x
†+su|2sd−1 ds
= |u|−d
∫ ∞
0
e−c|x−x
†−ru|2/|u|2rd−1 dr
≤ C|u|−d(1 + |x− x†|)d−1.
If |u| ≥ 2|x− x†| then for all s ≥ 1,
(8.14) Φ∗(x+ su) ≤ −cλ|x+ su− x†|2 ≤ −c′λs2|u|2.
It has already been noted above that Φ∗(x) + 2Φ∗(x+ su)−Φ∗(x+ u) ≤ Φ∗(x+ su).
Consequently
|I(x, u)| ≤
∫ ∞
1
eΦ
∗(x+su)sd−1 ds
≤ e−c
′′|u|2 if |u| ≥ 2|x− x†|.

Therefore there exist C, c ∈ R+ such that
(8.15) |g(x)| ≤ C(1 + |x− x†|)d−1λd/2
∫
|u|≤2|x−x†|
|u|1−d|Sg(x+ u)| dm(u)
+ Cλd/2
∫
Rd
e−c|u|
2
|Sg(x+ u)| dm(u).
The second term on the right-hand side represents the action on |Sg| of a bounded
linear operator form L2(Rd) to L2(Rd), whose operator norm is proportional to λd/2.
Since the function u 7→ |u|1−d is a positive decreasing function of |u| and satisfies∫
|u|≤2|x−x†|
|u|1−d ≤ C|x− x†|,
one has
(8.16) (1 + |x− x†|)d−1λd/2
∫
|u|≤2|x−x†|
|u|1−d|Sg(x+ u)| dm(u)
≤ Cλd/2(1 + |x− x†|)dM(Sg)(x),
where M is the Hardy-Littlewood maximal function. Now M is bounded on L2(Rd),
while multiplication by (1+ |x−x†|)d defines a bounded operator from L2(Rd) to the
weighted space L2(Rd, w) with w(x) = (1+ |x− x†|)−2d. This completes the proof of
Lemma 8.2 and hence of Lemma 5.2.
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